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ABSTRACT 

We use recently derived explicit formulae for the Virasoro algebra's sin- 
gular vectors to give constructive proofs of three results due to Feigin and 
Fuchs. The main result, which is needed for a rigorous treatment of fusion, 
describes the action of the singular vectors on conformal fields. 



1. Introduction 



The simplest conformal field theories are built from a finite number of de- 
generate representations of the Virasoro algebra, and the recent advances in our 
understanding of two dimensional physics have relied on developments in the the- 
ory of these representations. The degenerate representations are those for which 
the corresponding Verma module contains a singular vector; the fact that the sin- 
gular vector can consistently be set to zero implies that the correlation functions 
of the theory satisfy certain differential equations, and hence that the theory is 
completely solvable. 

Explicit expressions for the singular vectors are needed for a variety of confor- 
mal field theoretic applications. EH'IHH Two partial results in this direction were 
obtained by Feigin and Fuchs,'! who gave the leading terms in an expansion of the 
singular vectors and — more significantly — described the action of the singular 
vectors on genera, CO— fields. Beno, and Saint-Aubini found express 
for a sub-series of the singular vectors. These miraculous-looking expressions were 
made intelligible by Bauer et al.SH These authors also set out@ a simple set of 
recursion relations from which expressions for the general singular vectors can be 
obtained. We have recently found® simple expressions for all the singular vectors, 
written as products of operators that involve non- integer powers of L_i. 

Feigin and Fuchs' two theorems have remained slightly mysterious, in that 
the proofs'l'S are not constructive: they begin with conjectures for the relevant 
expressions and then verify that these conjectures must be correct. A partial 
explanation was given by Bauer et al., who found an elegant direct derivation of 
Feigin and Fuchs' results for the Benoit — Saint- Aubin subseries of singular vectors. 
The main point of this note is to extend the arguments given by Bauer et al. and 
give direct proofs of the Feigin-Fuchs theorems; we also prove a result of Feigin 
and Fuchs concerning an invariance of the singular vectors. 
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2. Singular vectors 



We first recall some elementary results. The Virasoro algebra has commuta- 
tion relations 



[Lm,L n ] — (m — n)L m+n + 771 12 m b m - n C , 

[Lm,C] = 0. 

Its Verma modules, written V(h,c), are irreducible representations which contain 
a vector \h) such that 

£m|^) = if TO > , 

Lo\h) = h\h), (2) 
C\h) = c\h). 

We have the decomposition 

V(h,c)= V^c), (3) 

72=0,1,2... 

where the level n space V n (h, c) is the eigenspace of L with eigenvalue (h + n). A 
singular vector in V(h, c) is a vector v, lying in some V n (h, c) for n > 0, with the 
property that 

L m v = if m > . (4) 

It is well known§0ll!lil that there is a singular vector at level N in V(h, c) if and 
only if, for some positive integers p and q and complex number t, we have iV = pq, 
and 

c = c(t) = l3-6t-6t~\ 

P 2 - 1 BO - 1 <7 2 - 1 , (5) 

p,q\ ) 4 2 4 

The singular vector at level iV, when it exists, is unique up to scalar multiplication: 
given p and q, we can write the singular vector v Pjq (t) as a continuous function of 
t. In fact, we have v Pjq (t) = O PA {t)\h PA {t)) , where 

o M (*)= e (6) 

|/|=w 
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Here we write L_j = . . . L_i n and |/| = i\ + . . . + i n ; the sum is over sequences 
I = {ii, . . . , i n } of positive integers ordered so that %\ > . . . > i n ; the aPj ,q {t) depend 
polynomially on t and t ; by convention, we take the coefficient of (L^i) pq to be 
1. 

Now we recall some of the results obtained by Bauer et al.ftS Set c = c{t) 
and h = h Pj i(t). Introduce a sequence of vectors f p , f p -i, ■ ■ ■ , fx, fo in the Verma 
module V(h, c), where each vector f r is at level r, / is the vector \h Pj i(t)) and the 
remaining vectors are determined as follows. Define the p-dimensional vectors 

/ = (fp-i? fp-2, ■ ■ • j fo) T i 
F = (f p ,0,...,0) T . 

The p-dimensional vector space carries an irreducible sl(2) representation, of spin 
(p — l)/2. Define the matrices E 1,J by (E t,J )} t j = <5i,fc<5j,z and let 

p-i 

r=l 

J + = £ r(p - r) fl*^ 1 , (8) 



r=l 

Jo = E(^-r)^ 



so that 



[J + ,J„]=2J , [Jo, J±] = ± J± ■ (9) 
Now define the vectors f r for 1 < r < p by the equation 

p-i 



F=(-J- + J2L-k-i(-tJ + T)l- (10) 
fc=o 

It can be shown@ that the vectors obey 

Lxfr = r(p-r)(-t(r-?±l)-l)fr-i f ^ 

v 7 ( n ) 

J 2 /r = r(p-r)(t 2 (r-^-3)--t)(-r 2 + (p + 2)r-(p+l))f r _ 2 



which in particular implies that 

L m f p = for m > 0. (12) 

Hence f p is the singular vector v P; i(t). 

Similarly, if we define f = \hi t q(t)) and the g-dimensional vectors 

/ = (fq-l,fq~2,---,fo) T , , . 

F = (/ g ,0,...,0) T , 

and take the g-dimensional representation of si (2), then the singular vector 
can be expressed as f q , where 

F = (-J- + £ L-fc-iC-r 1 J+) k )l . (14) 

k=0 

Eliminating the non-singular vectors in equations (|TD[) and (|T4"D, we find 

o P ,i(t) = E ^.....gnr^-i, 

I={i 1 ,...,i n } 

\H=P (15) 

CM*) = E c^ 1 ,...,z n )H)-^L„ J , 

7={i 1 ,...,i n } 
l-f|=9 

where the sums are over all sequences of positive integers summing to p or q, 
without any ordering restriction, and the coefficients are defined by 

c r (zi, ...,i n ) = ]J k(r-k). (16) 

l<fc<r 

for any s 

These are the expressions originally obtained by Benoit and Saint- Aubin.0 

The general singular vectors can now be obtained as follows. S Firstly, we 
extend the Virasoro algebra by including operators of the form (L_i) a , for arbitrary 
complex a, with relations 

m+1 n 

[L m) (L_0«] = E(II (m+2 " r y a+1 " r) )^-i) a ' n ^n ifm>0, 

(17) 

[(L-i)°,L m ] = E(II - {m+2 - r r ){a+1 - r) )L m -n(L-t) a - n ifm<0, 

n=l r=l 



and 

(L_i)°L_i = L_i(L_ x ) a = (L-i) a+1 , (L_0 a (i_ a ) 6 = (^-i) a+6 . (18) 

Now we rewrite the expressions fll5|) by commuting all L_i operators to the right, 
with no other reordering. This gives 

0*1(0 = E E ^...^fe^-vU^i)^"', 

r=0 kj>1 

Ljj ^ < 19 > 
= E E ^;i,...,fcr(9> *~ 1 )-^-fci • • • L_h r {L_x) q ~^ k i , 

r=0 fc ?; >2 

where Pk 1 ,..,,k r {P^) ls defined for p > in which range it is a polynomial 

function in p and t. We analytically extend Pk 1 ,...,k r {P^) to arbitrary p and define 
operators 

00 

o aA (t) = (£-i) a + E E Pfc 1I ..>(o ) t)i-* 1 ...i- fcr (i-i) a - n , 

n=2 fc 1 +...+fc r =n 

00 h - 2 (20) 

o 1>6 (0 = (W+E E P fclr .. lfcr (fc,r 1 )L_ fcl ...L_ fer (L_ 1 ) 6 - n , 

n=2 fc 1 +...+fe r =n 

k i> 2 

for any complex numbers a and 6. 

Then it can be shownS that the following operator identities hold: 



Op,q(t) — O p+ ^_^ t -l ^{tjOp+^^t-l )X {t) . . . O p _( q _ 1 ) t -l jl (t) 

These identities give two equivalent expressions for the singular vector: 

Vp,q(t) = O p+iq _ 1)t -l A (t)O p+{q _ 3)t -l A (t) . . . Op_( 8 _i)t-l,i(t)|/lp,g(t)> 
= Oi, g +(p-i)t(*)Oi, g+ (p-3)t(*) • • • 01,g-(p-l)t(*)|/lp,g(£)) • 

It can also be shown & that 

O p ,i(t) = o Pjl (t), 
CM*) = M (f), 



6 



(21) 



(22) 



(23) 



if p and q are positive integers, and that 



O-a,l(t)0 Ol l(*) = 1 
1 ,{t)0 1)b {t) = 1 



(24) 



for any a and b. 



3. Feigin-Fuchs' theorems 



The Virasoro algebra has a class of representations 0-\n, which are spanned 
by vectors w r (for r integer), and on which the algebra acts so that L m and C are 
represented by vr(L m ) and 7r(C), with 

ir(L m )w r = (/x + r + A(m + l))uv-m , 

( 25 ) 

7r(C> r = 0. 

(Note that the parametrisation is redundant: T\„ and -F\,it+i describe the same 
representation.) These representations describe the action of the Virasoro algebra 
on a general conformal field. For example, the Virasoro algebra's adjoint represen- 
tation is obtained by setting // = —1, A = 1, 7r(L m ) = [L m , ] and w r = L_ r . 

The following results are due to Feigin and Fuchs.'B Firstly, define the function 
f Pj q(\,H,t) by the formula 

n(Qp,q(t)) w o = fp,q(^ /■*> *)% ( 26 ) 
in T\n. Let 6 = \/—t~ l and let 

A M (m, n) = + m)0- 1 + (^ + n)e) ((^±1 - m)0" 1 + (^ - n)*) . 

(27) 
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Then 



fl q (X,fi,t)= [] ((/* + A p , q (m,n))(ti + A M {-m,-n)) - 4\(m6 1 + n6) 2 ) 

_£^l< n <£|l 

(28) 

where m and n range over — ^ ^ , — , . . . , and — 2> — 2> • • • > 
respectively. 

Secondly, let the operator (J ps {t) be the projection of Piq (t) mod L_ 3 ; that 
is, the expression obtained from Pj q(t) by setting L_ n = for n > 3, with L_i 
and L_2 taken as commuting. Then 

= II (^-1 + 4 M _1 + rt) a L-*) ■ ( 29 ) 

- i-j— <m< i-^— 

— ^ <n< J ^ 

These two results were originally proven using an elegant but rather indirect 
argument due to Lutsjuk.B Bauer et al. have given® direct proofs for the cases 
where p — 1 or q — 1. They point out, for example, that equation fllPD means that 

f p ,i(\,fi,t) = det(-J_ + £> + + Jo - Xk)(-tJ + ) k ) , (30) 

fc=o 2 

from which a series of si (2) manipulations gives 

/ p 2 1 (A,/i,t)= J] ((^ + A p , 1 (m,0))(/i + A p , 1 (-m,0))+4Am 2 t) , (31) 
_p^< m <2^i 

which is equation fl28|) with g = 1. 



Now, with the aid of equations (21 -24), we can complete these arguments. We 
see from equations fl2"T|) and (|2"4]) that 

lI-ij ri-ii 

Op,q(t) II ^ > (g-l-2r)t- 1 -p,l( i ) = II C(g-l-2r)t- 1 +p,l( i ) > (32) 
r=0 r=0 
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where for non-commuting operators we take njLo^r = AqAi . . . A n . Now let us 
take t~ x to be an integer larger than p. Then equation fl23|), applied to a vector in 
•7"A,/x> implies that 



71"'" 

r=0 r=0 



: (Op,q(t)) [] 7r (°(g-l-2r)t-i-p 1 l(*)) W " = II '""(Oto-l-arJt-i-HJ,! ( 33 ) 



2 

Taking n = |_| Jp — |_^r-J ^ , we obtain 



2-11 
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fp, q (\V,t) = II 4 2 +(g-i-2r)t-i,i( A '^- (r + l)(g-r- l)t 1 + p(g - r - l),t)x 



r=0 

II /rp +(9 -i- 2r .)i-i,i(A, /i - (r + l)(q - r - l)r J + p(r + 1), t) , 

(34) 

which after some algebra can be reduced to 



fl q (\,fji,t)= J] ((/ i + A p , q (m,n))(ti + A p , q (-m, -n)) - 4\(m6 1 + n6) 2 ) 

9 — 1 ^ 9—1 
-■i-j— <n<-a-2— 

(35) 

as required. 

Since this holds for all integers t~ x larger than p, and since both sides are 
rational functions of t, equation fl3"5]) must be true for all t. The second result is 
established similarly. 

One further comment: Feigin and Fuchs,@ again following the method of 
Lutsjuk,0 have shown that Pi q(t) is invariant under the transformation 

*->-*, L_ k -> (-l)*- 1 ^ . (36) 

This too can be established by a similar argument. Let A(t) be the image of 
an operator A(t) under the transformation. It is clear from equation (pj|) that 
O p> i(t) = Pt i(t) and Oi s {t) = Oi, g (t) for positive integers p and q. From equation 
( p3[) it follows that O p ^{t) = O p ^{t) and Oi s {t) = Oi A {t) for any integers p and q. 
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Now equation (^l|) implies that Pi q(t) = O p ^ q (t) for any integer t; however, since 
all the coefficients in these expressions are rational functions of t, this establishes 
the result in general. 



4. Conclusions 



These simple derivations may perhaps be useful for two reasons. Firstly, they 
suggest a general way of deriving analogous results for the Virasoro algebra's exten- 
sions. Secondly, they illuminate the algebraic structure generated by the operators 
O aj i and 0i 6, and hint at the possibility of deriving from first principles the iden- 
tities, such as equations and (E5), which these operators satisfy. 
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